Abstract. Let R be a noetherian ring, a an ideal of R, M an R-module and n a non-negative integer. In this paper we first will study the finiteness properties of the kernel and the cokernel of the natural map f : Ext
Introduction
Throughout R is a commutative noetherian ring. Our terminology follows the book [5] on local cohomology. Huneke formulated and discussed several problems in [12] about local cohomology modules H n a (M) of M. One of them is when do they have just finitely many associated prime ideals. Another one is about when such modules are artinian. Furthermore the following conjecture was made by Grothendieck in [10] : Conjecture: For any ideal a and finite R-module M, the module Hom R (R/a, H n a (M)) is finite for all n ≥ 0. This was thought of as a substitute for the artinianness of H n a (M), in the case when a is the maximal ideal of a local ring. Morover the finiteness of Hom R (R/a, H n a (M)) implies the finiteness of the set of associated prime ideals of H n a (M). Although this conjecture is not true in general as shown by Hartshorne in [11] , there are some attempts to show that under some conditions, for some number n, the module Hom R (R/a, H n a (M)) is finite, see [1, Theorem 3.3] , [7, Theorem 6.3.9] and [8, Theorem 2.1].
In section 2, in view of Grothendieck's conjecture and [7, Theorem 6.3 .9], we first study finiteness properties of the kernel and the cokernel of the natural homomorphism f : Ext n R (R/a, M) −→ Hom R (R/a, H n a (M)) under certain conditions, using the technique introduced by the second author in [14] . We will find some relations between finiteness of the associated primes of Ext n R (R/a, M) and H n a (M) that will give us a generalization of [13 
M)) = 0 for t = n, n + 1 and for all j < n, then f is an isomorphism. In section 3 we will study the asymptotic behaviour of the kernel and the cokernel of the above mentioned natural map in the graded case.
Associated primes and artinianness
Proposition 2.1. Let R be a noetherian ring, a an ideal of R and M an R-module. Let n be a non-negative integer and S be a Serre subcategory of the category of R-modules i.e. it is closed under taking submodules, quotients and extensions. Consider the natural homomorphism f : Ext
belongs to S for t = n, n+1 and for all j < n, then Ker f and Coker f both belong to S. Thus Ext 
Note thath is an isomorphism. Let g =h −1 •f . Thus f = g • h and we obtain the exact sequence
) thus Ker f = 0 and the result is clear. For n ≥ 1 by hypothesis and the exact sequence ( * ), Ker h belongs to S. Therefore it is enough to show that Ker g belongs to S. We prove this by induction on n. For n = 1 sincē h is an isomorphism, hence Ker g = Kerf butf is an isomorphism by [14, Lemma 7.9] . Assume n > 1 and the case n − 1 is settled. Let E be the injective hull of M/Γ a (M) and set N = E/(M/Γ a (M)). Since Γ a (M/Γ a (M)) = 0, we have Hom R (R/a, E) = 0 and Γ a (E) = 0. Thus we get the isomorphisms
In addition, for all j < n − 1 the modules
belong to S. Now, by the induction hypothesis, the kernel of the natural homomorphism
a (N)) belongs to S. But Ker f ′ = Ker g, so Ker g belongs to S.
Proof of (b):
The proof is similar to (a).
Proof of (c):
It is clear by (a) and (b).
The following corollary is one of our main results of this paper. It is well-known by using a spectral sequence argument as in [13, Proposition 1.1 (b)] or another method as in [2, Lemma 2.5 (b)] to prove that, (when M is a finite module and n = depth a M) or more generally when the local cohomology vanishes below n, for example use [15, Theorem 11.3] , then the natural map
is an isomorphism. In the following corollary we show that without any condition on M it is not necessary that these local cohomology modules are zero in order that the natural map is an isomorphism.
M)) = 0 for t = n, n + 1 and for all j < n, then f is an isomorphism.
Proof. In proposition 2.1 set S = {0}. Corollary 2.5. 
Divaani-Aazar and Mafi introduced in [9] weakly Laskerian modules. An R-module M is weakly Laskerian if for any submodule N of M the quotient M/N has finitely many associated primes. The weakly Laskerian modules form a Serre subcategory of the category of Rmodules. In fact it is the largest Serre subcategory such that each module in it has just finitely many associated prime ideals. In the following corollary we give some conditions for the finiteness of the sets of associated primes of Ext 
Asymptotic behaviours
Assume that R = i≥0 R i is a homogeneous graded noetherian ring and M = i∈Z M i is a graded R-module. The module M is said to have (a) the property of asymptotic stablity of associated primes if there exists an integer n 0 such that Ass R 0 (M n ) = Ass R 0 (M n 0 ) for all n ≤ n 0 .
(b) the property of asymptotic stablity of supports if there exists an integer n 0 such that Supp R 0 (M n ) = Supp R 0 (M n 0 ) for all n ≤ n 0 .
(c) the property of tameness if M i = 0 for all i << 0 or else M i = 0 for all i << 0.
Note that if M has the property of (a) then M has the property of (b) and if M has the property of (b) then M is tame i.e. has the property of (c).
Let s be a non-negative integer. In order to refine and complete [6, Theorem 4.4] we study the asymptotic behaviour of the kernel and cokernel of the natural homomorphism between the graded modules Ext s R (R/R + , M) and Hom R (R/R + , H s R + (M)). For more information see also [3] . Proof. Note that the class of asymptotically zero graded modules is Serre subcategory of the category of graded R-modules and use 2.1 (c).
